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E-mail address: liutiejun6204@163.com (T.-j. Liu).In this paper, the fretting contact problem for two elastic solids with graded coatings is investigated. We
assume a conventional axisymmetric Hertzian contact takes place between two elastic solids under the
action of the normal pressure. The application of the torque produces an annulus of slip. It is assumed
that the surface shear traction within the contact area is limited by Coulomb’s friction law and the torsion
angel was produced within the central adhesion zone as a rigid body. The linear multi-layer model is used
to model the functionally graded coating with arbitrarily varying shear modulus. This model divides the
coating into a series of sub-layers with the elastic modulus varying linearly in each sub-layer and contin-
uous on the sub-interfaces. By using the transfer matrix method and Hankel integral transform tech-
nique, this problem is formulated as the solution of the Cauchy singular integral equations. The
contact tractions are calculated by solving the equations numerically. The results show that the appropri-
ate gradual variation of the shear modulus can signiﬁcantly alter the contact tractions. Therefore, graded
coatings may have potential applications in improving the resistance to fretting contact damage at the
contact surfaces.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Functional graded materials (FGMs) are a new kind of non-
homogeneous composites which consist of a gradual change in
the volume fraction of constituents from one location to the other
in a component. Used as coatings, it was proved that appropriate
gradual variation of the elastic modulus could signiﬁcantly alter
the stresses around the indenter and lead to suppression of Hertz-
ian cracking at the edge of the contact region (Giannakopoulos
et al., 1997). So control of gradients in mechanical properties offers
opportunities for the design of surfaces with resistance to contact
deformation and damage that cannot be realized in conventional
homogeneous materials (Suresh, 2001). In the past few years, some
researchers paid attention to the contact problems of functionally
graded materials (FGMs). Pender and Thompson (2001), Pender
et al. (2001), Jorgensen et al. (1998) and Krumova et al. (2001) pre-
sented the experimental investigations on indentation testing
methods to characterize the local properties of FGMs such as the
elastic modulus, yield strength, strain hardening coefﬁcient, hard-
ness and fracture toughness, etc. Aizikovich et al. (2010) suggested
the evaluation technique for the shear modulus of a functionally-
graded coating by torsion experiments. Guler and Erdagon (2004)
solved the contact problem of a functionally graded coating with
the material properties varying as an exponential function. Re-ll rights reserved.cently, Ke and Wang (2006, 2007a,b,c) solved the two-dimensional
frictionless and frictional contact problems using the linear multi-
layered model (Wang and Gross, 2000). Sequentially they (Ke and
Wang, 2007a,b, 2010) applied the linear multi-layered model to
solve the two-dimensional fretting contact of functionally graded
coated half-spaces. The axisymmetric problems of a graded half-
space subjected to a concentrated load or to ﬂat, spherical and con-
ical indenters were considered by Giannakopoulos and Suresh
(1997a,b). Liu and Wang applied the linear multi-layered model
(Liu et al., 2008) or assumed the elastic modulus varying as the
exponent function (Liu and Wang, 2008) to solve the axisymmetric
frictionless contact problems of functionally graded coatings. Aizi-
kovich et al. (2002) consider the contact problem for the impres-
sion of spherical indenter into a non-homogeneous (both layered
and functionally graded) elastic half-space. Recently, they (Aiziko-
vich et al., 2008) solved an elastic half-space with a gradient elastic
coating by using the analytical-numerical method of solving the
Neumann boundary-value problem.
In studies by Ke and Wang (2007a,b, 2010) the cyclic force was
applied tangentially and in the contact plane. In practical cases,
fretting contact may take place under the action of cyclic torque
loads. This gives rise to a well-deﬁned partial slip problem which
has not gained much attention in the problem of fretting fatigue
although this problem is attractive from an experimental point of
view and may well simulate certain practical situations such as
torsional loading of a bolted connection or inter-stand contact
in wire ropes under tension (Hills and Nowell, 1994). Lubkin
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traction limited by friction surrounds the adhered central disk.
Deresiewicz (1954) extended the Lubkin’s solution to the case
in which the normal force is held constant while the torsional
couple is oscillating. Hills and Sackﬁeld (1986) presented the
complete stress ﬁeld beneath an axisymmetric Hertzian contact
undergoing twist. However, it can be seen from the published lit-
eratures, the fretting contact problem under torsion including the
effects of material non-homogeneity has not yet been studied up
to present.
In this paper we will ﬁrst consider the contact problem under a
monotonically increasing torque, and then the fretting contact be-
tween two FGM coatings under a cyclic torque. The linear multi-
layered model is used to simulate the FGM coating with arbitrarily
varying shear modulus. By using the Hankel integral transform
technique and transfer matrix method, the problem is reduced to
Cauchy singular integral equations. The contact pressures are cal-
culated by solving the equations numerically. The relation between
the twisting torque and stick region size as well as between the
twisting angel and stick region size are given. The contact tractions
are calculated. The relations between the twisting torque/angel
and stick region size are given.2. Formulation of the problem
Fig. 1 shows two contact bodies with functionally graded coat-
ings which are pressed together by an applied load P and subjected
to a subsequent twisting torque T. We assume that the contact
bodies are indented by the normal load P to form a contact region
with radius r 6 a. Then, the application of the torque produces an
annulus of slip. Within the slip annulus the shear stress is limited
by friction. After the torque has been applied up to a maximum
value T⁄ and leaving a stick zone with the radius of b, the torqueFig. 1. Contact between two functionally graded coating elastic spherical bodies
under a torque.is reduced and lead to a negligible slip over a thin annulus
c 6 r 6 a. The fundamental solution in different stages is as
follows:
2.1. Two elastic solids with graded coatings pressed together by a
normal load
Consider the problem shown in Fig. 2a. An arbitrary distributed
axisymmetric normal load, p(r), and radial load, q(r), acts on the
surface of a functionally graded coated half-space. The coordinate
system was located at the surface. The half-space is homogeneous
with the shear modulus l⁄. The shear modulus of the functionally
graded coating can be described by an arbitrary continuous func-
tion of z, l(z), with boundary values l(0) = l0. In the present paper,
we assume that the Poisson’s ratios for both coating and half-space
are a constant with the same value, m = 1/3. The linear multi-layer
model (Liu et al. 2008) divides the functional graded coating into N
sub-layers as shown in Fig. 2b. The shear modulus l(z) in each sub-
layer is assumed to take the following form:
lðzÞ  ljðzÞ ¼ cjð1þ z=bjÞ ¼ cj
z
bj
 
; hj 6 z 6 hj1; j
¼ 1;2; . . . ;N ð1Þ
where z⁄ = z+bj and lj is equal to the real value of the shear modulus
at the sub-interfaces, z = hj, i.e., lj(hj) = l(hj), which leads to
bj ¼
lj1hj  ljhj1
lj  lj1
; cj ¼
lj
1þ hj=bj ð2a;bÞ
According to Liu et al. (2008), we obtain the normal surface dis-
placement component, w1(r), and the radial surface displacement
component, u1(r), as follows (see Eq. (28) in Liu et al. (2008)):
w1ðrÞ ¼
Z 1
0
h ~w1i0J0ðsrÞsds
¼
Z 1
0
fM11ðs;h0Þg1ðsÞ þM12ðs; h0Þg2ðsÞgJ0ðsrÞsds
¼
Z a
0
pðtÞt
Z 1
0
sM11ðs;h0ÞJ0ðstÞJ0ðsrÞdsdt þ
Z a
0
qðtÞt

Z 1
0
sM12ðs;h0ÞJ1ðstÞJ0ðsrÞdsdt
u1ðrÞ ¼
Z 1
0
h~u1i1J1ðsrÞsds
¼
Z 1
0
fM21ðs;h0Þg1ðsÞ þM22ðs;h0Þg2ðsÞgJ1ðsrÞsdsr
¼
Z a
0
pðtÞt
Z 1
0
sM21ðs; h0ÞJ0ðstÞJ1ðsrÞdsdt þ
Z a
0
qðtÞt

Z 1
0
sM22ðs;h0ÞJ1ðstÞJ1ðsrÞdsdt ð3a;bÞ
where
M11ðs;h0Þ M12ðs; h0Þ
M21ðs;h0Þ M22ðs; h0Þ
 
¼ 1
2l0
B3MC;
M ¼ ½T1ðh0 þ b1Þ½V1f½B½T1ðh0 þ b1Þ½V1g1;
B3 ¼
0 1 0 0
1 0 0 0
 T
; C ¼ 1 0
0 1
 T
; B ¼ 0 0 1 0
0 0 0 1
 
: ð4Þ
‘M’ is the transfer matrix of the inhomogeneous multiple layered
medium. [T1(h0+b1)] is the coefﬁcient matrix in the ﬁrst layer. ½V1
is the product of the coefﬁcient matrix. The superscript ‘-1’ denote
the inverse of the matrix.
Fig. 2. A functionally graded coating indented by a rigid twisting sphere (a) and the new multi-layered Model for the functionally graded coating (b).
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large arguments (Andrews et al., 2000), one may prove
lim
s!1
sM11ðs;h0Þ sM12ðs; h0Þ
sM21ðs;h0Þ sM22ðs; h0Þ
 
¼ a11 a12
a21 a22
 
¼ 2=ð3l0Þ 1=ð6l0Þ
1=ð6l0Þ 2=ð3l0Þ
 
¼ a1 a2
a2 a1
 
: ð5Þ
where aij is the limit of sMij(s, h0) when s tends to the positive
inﬁnity.
Then Eq. (3) may be written as
w1ðrÞ ¼
X2
j¼1
Z a
0
pjðtÞt
Z 1
0
½sM1jðs;h0Þ  a1jJj1ðstÞJ0ðsrÞdsdt þ a1j

Z a
0
pjðtÞt
Z 1
0
Hj1;0ðr; tÞdsdt;
u1ðrÞ ¼
X2
j¼1
Z a
0
pjðtÞt
Z 1
0
½sM2jðs;h0Þ  a2jJj1ðstÞJ1ðsrÞdsdt
þ a2j
Z a
0
pjðtÞt
Z 1
0
Hj1;1ðr; tÞdsdt ð6a;bÞwhere Hijðr; tÞ ¼
R1
0 JiðstÞJjðsrÞds, p1(t) = p(t) and p2(t) = q(t). Deriv-
ing Eq. (5) with respect to r and extending the deﬁnition of the un-
known functions, p(r) and q(r), into the rangea 6 r 6 0, we can get
m1ðrÞ ¼ 12
Z a
a
fpðtÞjtjI11ðr; tÞ þ qðtÞjtjI12ðr; tÞgdt þ a1p
Z a
a
pðtÞ
t  r dt
þ a1
p
Z a
a
pðtÞH1ðr; tÞdt  a2qðrÞ;
m2ðrÞ ¼ 12
Z a
a
fqðtÞjtjI22ðr; tÞ þ pðtÞjtjI21ðr; tÞgdt
þ a1
p
Z a
a
qðtÞ
t  r dt þ
a1
p
Z a
a
qðtÞH2ðr; tÞdt þ a2pðrÞ; ð7a;bÞ
where
m1ðrÞ ¼ @w1ðrÞ
@r
; m2ðrÞ ¼ 1r
@
@r
ðru1ðrÞÞ;
Hiðr; tÞ ¼ ðniðr; tÞ  1Þ=ðt  rÞ;
Iijðr; tÞ ¼ ð1Þi
Z 1
0
ðsMijðs;h0Þ  aijÞsJ2iðsrÞJj1ðstÞds
ði ¼ 1;2; j ¼ 1;2Þ;
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jt=rjEðt=rÞ; ðjtj < jrjÞ;
ðt2=r2ÞEðr=tÞ  fðt2  r2Þ=r2gKðr=tÞ; ðjtj > jrjÞ;

n2ðr; tÞ ¼ fðt
2  r2Þ=jtrjgKðt=rÞ þ ðr=tÞEðt=rÞ; ðjtj < jrjÞ
Eðr=tÞ; ðjtj > jrjÞ
(
; ð8Þ
with Kð:Þ and Eð:Þ being the complete elliptic integrals of the ﬁrst
and second kinds, respectively. For a homogeneous half-space with-
out the functionally graded coatings, the ﬁrst term in Eq. (7) van-
ishes; then we can get the results presented in book by Hills and
Nowell (1994).
As the two bodies are pressed together, deformation must occur
so that the deformed bodies will conform within the contact re-
gion. For body A we have
@wA1ðrÞ
@r
¼ 1
2
Z a
a
fpðtÞjtjIA11ðr; tÞ þ qðtÞjtjIA12ðr; tÞgdt þ
aA1
p
Z a
a
pðtÞ
t  r dt
þ a
A
1
p
Z a
a
pðtÞH1ðr; tÞdt  aA2qðrÞ;1
r
@
@r
ðruA1ðrÞÞ ¼
1
2
Z a
a
fqðtÞjtjIA22ðr; tÞ þ pðtÞjtjIA21ðr; tÞgdt
þ a
A
1
p
Z a
a
qðtÞ
t  r dt þ
aA1
p
Z a
a
qðtÞH2ðr; tÞdt þ aA2pðrÞ
ð9a;bÞ
Similar arguments apply to processing of body B, and we can now
write the equations as
@wB1ðrÞ
@r
¼ 1
2
Z a
a
fpðtÞjtjIB11ðr; tÞ þ qðtÞjtjIB12ðr; tÞgdt þ
aB1
p
Z a
a
pðtÞ
t  r dt
þ a
B
1
p
Z a
a
pðtÞH1ðr; tÞdt  aB2qðrÞ;1
r
@
@r
ðruB1ðrÞÞ ¼
1
2
Z a
a
fqðtÞjtjIB22ðr; tÞ þ pðtÞjtjIB21ðr; tÞgdt
þ a
B
1
p
Z a
a
qðtÞ
t  r dt þ
aB1
p
Z a
a
qðtÞH2ðr; tÞdt þ aB2pðrÞ
ð10a;bÞ
The relative displacements components in the normal and radical
direction at the contact region are given by
F1ðrÞ ¼ a2qðrÞ þ
a1
p
Z a
a
pðtÞ
t  r dt þ
a1
p
Z a
a
pðtÞH1ðr; tÞdt
þ 1
2
Z a
a
fpðtÞjtjI11ðr; tÞ þ qðtÞjtjI12ðr; tÞgdtFig. 3. Stick/slip arrangement in the contact region during contact of two similar
elastic solids (a) after normal loading alone is applied, (b) after applying a Torque,
(c) after reducing inﬁnitesimally torque, (d) after reducing a ﬁnite torque.F2ðrÞ ¼ a2pðrÞ þ
a1
p
Z a
a
qðtÞ
t  r dt þ
a1
p
Z a
a
qðtÞH2ðr; tÞdt
þ 1
2
Z a
a
fqðtÞjtjI22ðr; tÞ þ pðtÞjtjI21ðr; tÞgdt ð11a;bÞ
where
F1ðrÞ ¼ @w
A
1ðrÞ
@r
 @w
B
1ðrÞ
@r
; F2ðrÞ ¼ 1r
@
@r
ðruA1ðrÞÞ 
1
r
@
@r
ðruB1ðrÞÞ
a1 ¼ aA1  aB1; a2 ¼ aA2  aB2; Iijðr; tÞ ¼ IAijðr; tÞ  IBijðr; tÞ; i; j ¼ 1;2
ð12Þ
with F1(r) and F2(r) being the normal and radial relative displace-
ments components, respectively. and E(.) being the complete ellip-
tic integrals of the ﬁrst and second kinds, respectively.2.2. Application of a monotonically increasing torque
Next, we assumed two bodies are pressed together by normal
load P to form an adhesion region with radius r 6 a as shown in
Fig. 3a. A monotonically increasing torque T is applied to produce
the annulus of slip. The linear multi-layer model is employed.
The shear modulus in each sub-layer is assumed to take the linear
form:
lðzÞ  ljðzÞ ¼ ljða1j þ a2jzÞ; hj < z < hj1; j ¼ 1;2; . . . ;N ð13Þ
where a1j ¼ cj=lj, a2j ¼ cj=ðljbjÞ, and lj is equal to the real shear
modulus at the sub-interface z = hj, i.e., lj ¼ lðhjÞ.
So we have
a1j ¼ hj1  hj
lj1=lj
hj1  hj ; a2j ¼
lj1=lj  1
hj1  hj : ð14a;bÞ
Making the use of the Hankel inverse transformation and the trans-
fer matrix method, we can obtain the surface displacement compo-
nent (Liu and Wang, 2009)
uh1ðr; h0Þ ¼
Z a
0
sðtÞt
Z 1
0
sNðs; h0ÞJ1ðtsÞJ1ðrsÞdsdt; ð15Þ
where Nðs; h0Þ ¼ B2½T1ðh0Þ½V1fB1½T1ðh0Þ½V1g1 (see Eq. (23) in Liu
and Wang (2009)) with B2 = [1, 0].
Considering the asymptotic behavior of sNðs;h0Þ, one may prove
lim
s!1
sNðs;h0Þ ¼ 1=l0: ð16Þ
Then (15) may be written as
uh1ðr; h0Þ ¼
Z a
0
sðtÞtIðr; tÞdt þ 1=l0
Z a
0
sðtÞtH11ðr; tÞdt; ð17Þ
where
Iðr; tÞ ¼
Z 1
0
ðsNðs;h0Þ  1=l0ÞJ1ðtsÞJ1ðrsÞds;
H11ðr; tÞ ¼
Z 1
0
J1ðstÞJ1ðsrÞds ¼
2
pt ½KðtrÞ  EðtrÞ; ðt < rÞ
2
pr ½KðrtÞ  EðrtÞ; ðt > rÞ
(
: ð18Þ
where s(t) is the circumferential shear traction; and
For a homogeneous half-space without a coating, the ﬁrst term
in Eq. (17) vanishes. Multiplying Eq. (17) by r, and then deriving it
with respect to r, we get (cf. Erdogan and Gupta, 1972)
f ðrÞ ¼
Z a
0
sðtÞQðr; tÞdt þ 1pl0
Z a
0
sðtÞ
t  r dt; ð19Þ
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Qðr; tÞ ¼ tI0ðr; tÞ þ 1
pl0
t  r þ 2th2ðr; tÞ
t2  r2
 
;
f ðrÞ ¼ 1
r
@ðruh1ðr; h0ÞÞ
@r
ð20Þ
with
I0ðr; tÞ ¼
Z 1
0
ðsNðr;h0Þ  1=l0ÞsJ1ðtsÞJ0ðrsÞds;
h2ðr; tÞ ¼
r
t Eðt=rÞ þ t
2r2
rt Kðt=rÞ t < r
Eðr=tÞ t > r
(
: ð21Þ
For body A we have
fAðrÞ ¼ 1pl0
Z a
0
sðtÞ
t  r dt þ
Z a
0
sðtÞQAðr; tÞdt: ð22Þ
Similar arguments apply to the processing of body B; and we can
write
fBðrÞ ¼ 1pl0
Z a
0
sðtÞ
t  r dt þ
Z a
0
sðtÞQBðr; tÞdt: ð23Þ
Finally, we can get
FðrÞ ¼ 2
pl0
Z a
0
sðtÞ
t  r dt þ
Z a
0
sðtÞQABðr; tÞdt; ð24Þ
where
FðrÞ ¼ fAðrÞ  fBðrÞ; QABðr; tÞ ¼ QAðr; tÞ  QBðr; tÞ
¼ tðI0Aðr; tÞ  I0Bðr; tÞÞ þ
2
pl0
t  r þ 2tm1ðr; tÞ
t2  r2
 
ð25Þ
Because the normal stress on the contact surface is zero as r? a,
slip must be expected to occur, starting at the bounardy r = a and
presumably progressing inward to a radius r = b < a (Hills and Now-
ell, 1994). In the circular annulus b < r < a, the circumferential com-
ponent of the traction is assumed to fall to the maximum available
(Fig. 3b). This value is taken as the product of a constant friction
coefﬁcient f and the pressure p(r). Then we have (Lubkin, 1951)
sðrÞ ¼ fpðrÞ; b 6 r 6 a: ð26Þ
We represent the circumferential shear traction as
sðrÞ ¼ sðrÞ þ fpðbÞ r
b
; r 6 b; ð27Þ
where s⁄(r) is an unknown function which vanishes at r = 0 and b.
Substituting Eqs.(26) and (27) into Eq (24), we get
1
pl0
Z b
0
sðtÞ
t  r dt þ
Z b
0
sðtÞQABðr; tÞdt ¼ UðrÞ; ð28Þ
where
UðrÞ ¼ FðrÞ  1
pl0
Z a
b
fpðtÞ
t  r dt 
Z a
b
fpðtÞQABðr; tÞdt
 fpðbÞ
b
1
pl0
Z b
0
t
t  r dt 
fpðbÞ
b
Z b
0
tQABðr; tÞdt: ð29Þ2.3. Application of a cyclic torque
Assume the cyclic torque varies between the limits ±T⁄ as
shown in Fig. 3. Base on the above analysis, we suppose that a stea-
dily increasing torque has been applied up to a maximum value T⁄,
leaving a stick zone with the radius of b. The torque is now reduced
inﬁnitesimally. This will lead to an opposite direction surface dis-
placement in the slip annulus and give rise to adhesion over the
entire contact as shown in Fig. 3c. A further reduction in the torqueto a value T now permits back slip over a thin annulus c 6 r 6 a
(Fig. 3d). In this annulus, s(r) = fp(r) so that the change of the tan-
gential traction is -2fp(r). Since no additional slip occurs in the re-
gion of r 6 c, the change of the displacement therein must be equal
to that of the rigid-body rotation. Thus the change in the traction
due to the reduction of T is
scðrÞ ¼
2fpðrÞ; c 6 r 6 a
2ðsðrÞ þ fpðcÞ rcÞ; r 6 c
(
; ð30Þ
where s⁄⁄(r) satisﬁes
1
pl0
Z c
0
sðtÞ
t  r dt þ
Z c
0
sðtÞQABðr; tÞdt ¼ UcðrÞ; ð31Þ
with
UcðrÞ ¼ FðrÞ  1pl0
Z a
c
fpðtÞ
t  r dt 
Z a
c
fpðtÞQABðr; tÞdt
 fpðcÞ
c
1
pl0
Z c
0
t
t  r dt 
fpðcÞ
c
Z c
0
tQABðr; tÞdt: ð32Þ
The resultant traction denoted by se(r) accompanying a reduction in
T is obtained by adding the initial traction s(r), Eq. (19), to the
change sc(r), resulting in
seðrÞ ¼
fpðrÞ; c 6 r 6 a
fpðrÞ  scðrÞ; b 6 r 6 c
sðrÞ  scðrÞ; r 6 b
8><
>: : ð33Þ3. Solution of singular integral equations
If two contact bodies are elastically similar, they will initially
adhere over the entire contact (Hills and Nowell, 1994). We
consider the contact between two elastically similar bodies
which consist of the same homogeneous materials coated by
the same FGM layers with the same thickness h1 = h2 = h. Then,
we will ﬁnd
@wA1ðrÞ
@r
¼  @w
B
1ðrÞ
@r
;
1
r
@ruA1ðrÞ
@r
¼ 1
r
@ruB1ðrÞ
@r
;
aA1 ¼ aB1; aA2 ¼ aB2; ð34a;b; c;dÞ
IA11ðr; tÞ ¼ IB11ðr; tÞ; IA22ðr; tÞ ¼ IB22ðr; tÞ;
IA12ðr; tÞ ¼ IB12ðr; tÞ; IA21ðr; tÞ ¼ IB21ðr; tÞ: ð35a;b; c;dÞ
Therefore, Eq. (11) reduces to
F1ðrÞ ¼ a

1
p
Z a
a
pðtÞ
t  r dt þ
a1
p
Z a
a
pðtÞH1ðr; tÞdt
þ 1
2
Z a
a
pðtÞjtjI11ðr; tÞdt;
F2ðrÞ ¼ a

1
p
Z a
a
qðtÞ
t  r dt þ
a1
p
Z a
a
qðtÞH2ðr; tÞdt
þ 1
2
Z a
a
qðtÞjtjI22ðr; tÞdt: ð36a;bÞ
It is seen that Eqs. (36a) and (36b) are uncoupled. Thus the solu-
tions for the normal tractions may be obtained independently. It is
understood that there is no relative radial displacement between
the same contacting bodies and thus the radial shearing traction
is zero. This is exactly the case what we are considering here
(i.e., the contact between two same homogeneous half-spaces
coated by the same FGM layers with the same thickness), In addi-
tion, we should ensure the equilibrium with the external force, P,
by writing
Table 1
Comparison of T and b related to the stick region (b/a) with the comparison between
the present results and Lubkin’s results (1951).
b/a l⁄a2b/fP T/fPa
Lubkin’s Present Lubkin’s Present
0.2 0.4692 0.4719 0.5855 0.5829
0.3 0.3656 0.3665 0.5769 0.5740
0.4 0.2885 0.2887 0.5592 0.5562
0.5 0.2257 0.2250 0.5286 0.5255
0.6 0.1716 0.1713 0.4805 0.4771
0.7 0.1234 0.1231 0.4082 0.4061
0.8 0.0794 0.0791 0.3105 0.3068
0.9 0.0385 0.0380 0.1764 0.1719
Fig. 4. Torque loading history.
Fig. 5. (a) Distribution of the normal contact traction when P/l⁄h2 = 4.0  104 in
the contact radius for some selected values of l0/l⁄; (b) the normal load P versus
the contact radius a for some selected values of l0/l⁄. The lines are from the present
model and the scattered symbols from the exponential model.
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Z a
a
pðtÞjtjdt: ð37Þ
To solve Eq. (36a), we use the method developed by Civelek (1972).
Express p(x) as
pðxÞ ¼ f1ðxÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x2
p
; ð38Þ
where f1(x) is an unknown function. Then (36a) can be cast to a
descritized form
1
a1
ayl
R
¼
XN
k¼1
pð1 x2kÞf1ðxkÞ
Nþ 1
1
p
1
xk  yl
þ 1
p
log jxk  ylj
2yl
þ 1
a1
Lðyl;xkÞ
 
þu½f ðxl1Þ; f ðxlÞ
2yl
; ð39Þ
where
xk ¼ cos½kp=ðN þ 1Þ; k ¼ 1;2; . . . ;N
yl ¼ cos½pð2l 1Þ=2ðN þ 1Þ; l ¼ 1;2; . . . ;N;N þ 1
Lðyl; xkÞ ¼
a2
2
jxkjI11ðyl; xkÞ þ
1
p
n1ðyl; xkÞ  1
xk  yl
 log jxk  ylj
 
u½f ðxl1Þ; f ðxlÞ ¼ f ðxl1Þp fð1 y
2
l Þ½g log jgð1 y2l Þ1=2j  g
 gð1 x2l Þ log jxl1  yljg
þ f ðxlÞ
p
fð1 y2l Þ½g log jgð1 y2l Þ1=2j  g
 gð1 x2l Þ log jxl  yljg ð40Þ
There are N1 + 1 possible collocation points to determine N1 un-
knowns in Eq. (39). In practice N1 will be chosen as an even integer
and the equation corresponding to l = N1 /2 + 1 will be ignored
because it is trivial. Finally P is easily computed by Eq. (37).For the present case of the contact between two same elastic
bodies, we have
fAðrÞ ¼ fBðrÞ ¼ f ðrÞ; I0Aðr; tÞ ¼ I0Bðr; tÞ ¼ I0ðr; tÞ;
QAðr; tÞ ¼ QBðr; tÞ ¼ Qðr; tÞ: ð41Þ
According to Lubkin (1951), in the central adhesion zone (r 6 b)
particles will move tangentially as a rigid body with uh1 = rb (where
b is the unknown torsion angle). Then, Eq. (28) reduces to
1
pl0
Z b
0
sðtÞ
t  r dt þ
Z b
0
sðtÞQðr; tÞdt ¼ UðrÞ; ð42Þ
where
UðrÞ ¼ 2b 1
pl0
Z a
b
fpðtÞ
t  r dt 
Z a
b
fpðtÞQðr; tÞdt
 fpðbÞ
b
1
pl0
Z b
0
t
t  r dt 
fpðbÞ
b
Z b
0
tQðr; tÞdt: ð43Þ
If we employ the substitutions
t ¼ ð1þ gÞb=2; r ¼ ð1þ 1Þb=2; ð44a;bÞ
then Eq (42) may be rewritten as
1
pl0
Z 1
1
sðgÞ
g 1 dgþ
Z 1
1
b
2
sðgÞQð1;gÞdg ¼ Uð1Þ: ð45Þ
Fig. 6. Distribution of the radical stress for some selected values of l0/l⁄ when P/
l⁄h2 = 4.0  104.
Fig. 7. Twisting torque T (a) and twisting angle b (b) versus b/a with under a
monotonically increasing torque for a/h = 0.1 and some selected values of l0/l⁄. The
lines are from the present results and the scattered symbols from the exponential
model.
Fig. 8. Twisting torque T (a) and twisting angle b (b) versus c/a with under
monotonically decreasing torque after the stick region increase to b/a = 0.4 for a/
h = 0.1 and some selected values of l0/l⁄. The lines are from the present results and
the scattered symbols from the exponential model
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UðrÞ ¼ 2b 1
pl0
Z a
b
fpðtÞ
t  r dt 
Z a
b
fpðtÞQ2ðr; tÞdt
 fpðbÞ
b
1
pl0
Z b
0
t
t  r dt 
fpðbÞ
b
Z b
0
tQ2ðr; tÞdt: ð46ÞFinally, the equilibrium condition states
T ¼
Z 2p
0
Z a
0
sðrÞr2hdrdh ¼ 2p
Z a
0
sðrÞr2 dr
¼ 2p
Z b
0
sðrÞr2 dr þ 2p fpðbÞ
b
Z b
0
r3 dr þ 2p
Z a
b
fpðrÞr2 dr
¼ pb
3
4
Z 1
1
sðgÞðgþ 1Þ2dgþ p fpðbÞb
3
2
þ 2p
Z a
b
fpðrÞr2 dr: ð47Þ
After p(r) at a given contact radius a are known, we can use the
Erdogan-Gupta’s method (Erdogan and Gupta, 1972) to solve Eq
(45). Express s⁄(g) as
sðgÞ ¼ f2ðgÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 g2
p
; ð48Þ
where f2(g) is an unknown function. Then we get
XN2
m¼1
pð1 g2mÞf ðgmÞ
N2 þ 1
1
p
1
gm  1n
þ b
2
l0Qð1n;gmÞ
 
¼ l0Uð1nÞ; ð49Þ
where gm = cos [mp/(N2 + 1)], 1n = cos [p(2n  1)/2(N2 + 1)],
n = 1, 2, . . . , N2 + 1 and N2 is the total number of the discrete points
of f2(gm). If the stick region b is given, then there are N2 + 1
Fig. 9. Distribution of the shear traction during cycled torsional loading for some selected values of l0/l⁄: (a) for T = T⁄, corresponding to point A in Fig. 3; and (b) for
T = 0.45T⁄, corresponding to point B in Fig. 3; and (c) for T = 0, corresponding to point C in Fig. 3; and (d) for T = 0.45T⁄, corresponding to point D in Fig. 3; and (e) for T = T⁄,
corresponding to point E in Fig. 3. The lines are from the present model and the scattered from the direct solution
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torque T is easily obtained from Eq. (47).
Similarly, Eq. (31) is described by
1
pl0
Z 1
1
sðgÞ
g 1 dgþ
Z 1
1
c
2
sðgÞQ2ð1;gÞdg ¼ Ucð1Þ; ð50Þ
withUcðrÞ ¼ 2b 1pl0
Z a
c
fpðtÞ
t  r dt 
Z a
c
fpðtÞQ2ðr; tÞdt
 fpðcÞ
c
1
pl0
Z c
0
t
t  r dt 
fpðcÞ
c
Z c
0
tQ2ðr; tÞdt: ð51Þ
We can use the Erdogan-Gupta’s method to solve Eq. (50). Finally,
from Eqs (45) and (50) we obtain the tangential traction s(r) (Eq.
(33)) under the action of a cyclic torque.
Fig. 10. the dimensionless normal and circumferential tractions contact traction
with P/l⁄h2 = 4.0  104 (a) and the normal load P versus the contact radius a (b) for
some selected values of v.
Fig. 11. the dimensionless normal contact traction with P/l⁄h2 = 4.0  104 (a) and
the normal load P versus the contact radius a (b) for some selected values of n.
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Numerical results will be presented in this section. In calcula-
tion, we take 30 collocation points, i.e., N1 = N2 = 30 in Eqs. (45)
and (50). As a check of the method, we ﬁrst calculate the contact
stress on the surface of a homogeneous half-space by a rigid spher-
ical indenter using the present model for comparison with Lubkin’s
(1951) analytical results. The results for R/h = 10 are listed in Table
1 which shows that the present results are in good agreement with
those obtained by Lubkin (1951).
Then we present the numerical results for the case of a graded
coatings loaded by a spherical indenter under an applied normal
load P and a torque T (Fig. 4). We ﬁrst consider the shear modulus
of the coating varying in the exponential form:
lðzÞ ¼ l0eaz; ð52Þ
where a = (1/h)log(l0/l⁄). The merit of doing so lines in fact that for
such a form of material properties, axisymmetric contact problem
can be solved in a way similar to that used by Liu and Wang
(2008) (the exponential model) and thus comparison can be made
between the results obtain by the present linear multi-layered
model and the exponential model so as to check the correctness
of the present method. Liu et al. (2008) discussed how many sub-
layers are necessary to obtain the sufﬁciently accurate results and
indicated that N = 4 or 6 works well. So in all numerical examples,we choose N = 6, that is, divide the coating into six sub-layers. It
should be indicated that all computations are performed by ﬁxing
R/h = 10.
Fig. 5a shows the effects of the stiffness ratio l0/l⁄ on the nor-
mal contact traction distribution under the normal load P/
l⁄h2 = 4.0  104. Note that the contact radius a/h is equal to
0.140, 0.0998 or 0.0702 corresponding to l0/l⁄ = 1/3, 1 or 3,
respectively. With the decrease of l0/l⁄, the normal contact trac-
tion distribution becomes more even. The relations of P versus a
for the spherical indenter are depicted in Fig. 5b for some selected
values of the stiffness ratio l0/l⁄. It is shown that, with the in-
crease of l0/l⁄, a larger applied normal load is needed to create
the same contact region.
Fig. 6 demonstrates the effects of the stiffness ratio l0/l⁄ on the
distribution of the radial stress, rrr(r), when P/l⁄h2 = 4.0  104.
We can observe the tensile spike in the distribution of rrr(r) as
r? a, which has clearly some implications regarding the initiation
and subcritical growth of surface cracks.
Fig. 7 demonstrates the effects of the stiffness ratio l0/l⁄ on the
relation between a monotonically applied torque T and b/a (Fig. 7a)
as well as between the stick region (b/a) and the twisting angle b
(Fig. 7b) for a/h = 0.1. It is shown that, with the increase of l0/l⁄,
the smaller twisting torque and twisting angle are needed to create
the same stick region size b/a, if the contact radius is ﬁxed. It is
noted that the stick region will shrink to zero and slipping will take
place over the entire contact region when T is large enough.
Fig. 8 presents the effects of the stiffness ratio l0/l⁄ on the rela-
tion between the stick region size c/a and the twisting torque T as
Fig. 12. Twisting torque T (a) and twisting angle b (b) versus b/a with under a
monotonically increasing torque for a/h = 0.1 and some selected values of n.
Fig. 13. shear traction distribution during cycled torsion loading for some selected
values of n: (a) for T = T⁄, corresponding to point A in Fig. 4; (b) for T = 0.45T⁄,
corresponding to point D in Fig. 4
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selected values of the stiffness ratio l0/l⁄ with a/h = 0.1 under a
decreasing torque after the stick region increases to b/a = 0.4 by a
monotonically increasing torque. It is shown that, when the torque
is completely reversed from T to -T and the twist angle is com-
pletely reversed from b to -b, the stick region c/a decreases from
1 to 0.4. Fig. 5 also shows that the effects of the stiffness ratio
l0/l⁄ on the relation between a applied torque T and b/a (Fig. 8a)
as well as between the stick region (b/a) and the twisting angle b
(Fig. 8b) are the same as in the case of a monotonically applied
torque.
Fig. 9 illustrates the effects of the stiffness ratio l0/l⁄ on the
shear traction for the initial 3/4 cycle of the torque load (see
Fig. 4) including the ﬁrst loading and the subsequent unloading
stages when P/l⁄h2 = 4.0  104. We can observe that the peak
circumferential shear tractions appear at the interface of stick/slip
and the circumferential shear tractions are zero at the center and
edge of the contact region. With the increase of l0/l⁄, the
magnitude of the shearing traction increases and becomes more
uneven in the stick region. Fig. 9 also shows that the sick region
decreases with the increase of l0/l⁄. Fig. 9a shows the effects of
the stiffness ratio l0/l⁄ on the shear traction distribution for
T = T⁄ = 0.56fPa after monotonically increasing the torsional load
(corresponding to point A in Fig. 4). Fig. 9b–e plot the effects of
the stiffness ratio l0/l⁄ on the shear traction distribution
corresponding to points B, C, D and E in Fig. 4, respectively. Firstly,
we can ﬁnd that reverse slip near the edges of the contact occursduring unloading, where the circumferential shear traction be-
comes q(r) = fp(r). With the decrease of T, both reverse slip region
and reverse circumferential shear traction increase, but the cir-
cumferential shear traction in the stick region decreases. Compar-
ing Fig. 9a and e, we ﬁnd that, when the load is completely
reversed from T⁄ to -T⁄, the circumferential shear traction distribu-
tion and the slip region are also completely reversed. We can ob-
serve that the position of the peak circumferential shear traction
distribution in the stick region is unchanged during the unloading
stage. An important phenomenon is also observed in Fig. 9a–e, that
is, the localized maximum or minimum of the shear traction varies
as l0/l⁄ changes. This behavior provides a way for us to change the
distribution of the contact traction by adjusting the stiffness ratio
of the coating surface.
Using the exponential model, we examine the effects of Poisson
ratio v on the normal and circumferential shear traction distribu-
tions for P/l⁄h2 = 4.0  104 and T = T⁄ (corresponding to point A
in Fig. 4). Fig. 10 shows that normal and circumferential shear trac-
tion distributions slightly increase with the Poisson ratio v
increasing.
Next we consider the shear modulus of the coating varying in
the following form:
lðzÞ ¼ l0 þ ðl  l0Þjz=hjn; ð53Þ
where n is a positive constant characterizing the gradual variation
of the shear modulus. In the following calculation we use the pres-
ent model to solve the contact problems by choosing the number of
the sub-layer to be 6.
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tribution under the normal load P/l⁄h2 = 4.0  104. Note that the
contact radius a/h is equal to 0.142, 0.1375 and 0.134 correspond-
ing to n = 0.2, 1 and 2, respectively, when P/l⁄h2 = 4.0  104 and
l0/l⁄ = 1/3. It is shown that, the larger applied normal load is
needed to create the same contact region with the increase of n.
This is also shown in Fig. 11b where the relations of P versus a
are depicted for some selected values of n.
Fig. 12 presents the effects of n on the relations between a
monotonically applied torque T and b/a (Fig. 12a) as well as be-
tween the stick region (b/a) and the twisting angle b (Fig. 12b)
for a/h = 0.1. It is shown that, with the decrease of n, the smaller
twisting torque and twisting angle are needed to create the same
stick region size b/a, if the contact radius is ﬁxed.
Fig. 13 shows the effects of n on the shear traction distribution
corresponding to points A (Fig. 13a) and D (Fig. 13b) in Fig. 3 under
P/l⁄h = 4.0  104. With the increase of n, the peak circumferential
shear traction distribution increases. This behavior provides a way
for us to change the distribution of the contact traction by adjust-
ing the gradient of the coating while remaining the stiffness of the
coating surface unchanged.
5. Concluding remarks
In this paper, we solve fretting contact between two elastic sol-
ids with graded coatings which are subjected to a normal force, P,
and a cyclic twisting torque, T. The linear multi-layered model and
the exponential model are used to model the functional graded
materials with arbitrarily varying shear modulus. The following
facts can be found from the numerical results:
(1) the smaller twisting torque and twisting angle is needed to
create the same stick region size b/a with the increase of
l0/l⁄ or decrease of gradient parameter n, if the contact
radius is ﬁxed.
(2) the stiffness ratio, l0/l⁄, has a signiﬁcant effect on the distri-
bution of the circumferential shear traction. With the
increase of l0/l⁄, the magnitude of the shearing traction
increases and becomes more uneven in the stick region.
The distribution of contact stress can be improved by adjust-
ing the gradient of the coating.
(3) The results also provide us a method to modify the distribu-
tion of the contact traction by adjusting the gradient of the
coating even remaining the stiffness of the coating surface
unchanged.
Finally, the results of the numerical solution provided a guid-
ance for the fretting experiment under torsion.
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